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SPONTANEOUS SWIRLING IN AXISYMMETRIC FLOWS
OF A CONDUCTING FLUID IN A MAGNETIC FIELD

B. A. Lugovtsov UDC 532.516 + 538.4

The problem of spontaneous swirling was considered in [1-7] and is as follows: can rotary motion occur
in the absence of external source of rotation, i.e., under conditions where motion without rotation is realizable?

A more rigorous formulation of this problem was given by Lugovtsov {7]. The proposed formulation
ensures a close control of the kinematical flux of the axial component of the angular momentum, which
eliminates inflow of the rotating fluid in the flow region.

The occurrence of rotary motion is regarded as a bifurcation of the initial axisymmetric flow due to
the loss of stability against swirling flow (not necessarily rotationally symmetric).

At present, examples of the occurrence of spontaneous swirling [1-3], including swirling in MHD flow
(5, 6], have been given. However, as was shown in [4, 7], the available examples do not satisfy the more rigorous
requirements formulated in [7]. Thus, the question of the possibility of spontaneous swirling remains open.

The proof that spontaneous swirling is impossible, if this statement is valid, involves significant
difficulties and can hardly be obtained in a fairly general form. To prove the existence of this phenomenon, it
is sufficient to find at least one example. To narrow the region of search for such an example, it is of interest
to consider transition of axisymmetric to rotationally symmetric flow or a plane analog of this transition, i.e.,
the occurrence of a spontaneous cross (normal) flow which is independent of the transverse coordinate in the
case of an initial plane-parallel flow [7].

Lugovtsov [7] showed that the bifurcation axisymmetric flow-rotationally symmetric flow (and the
corresponding plane analog of this transition) does not take place for a compressible fluid with a variable
viscosity coefficient. In the case of the plane analog, this statement is also valid for a conductive fluid moving
in the presence of a magnetic field, irrespective of the character of connectedness of the flow region.

Such a general result is difficult to obtain for axisymmetric flows in the presence of a magnetic field.
In this case, as was noted by Lugovtsov and Gubarev [7], swirling flows can occur which are maintained by
electromagnetic forces, and the formulation of the problem of spontaneous swirling requires refinement.

Below, we consider axisymmetric flow of an incompressible conductive fluid. It will be shown that
axisymmetric spontaneous swirling is impossible if the meridional section of the flow region is simply
connected.

The equations describing such flows have the following form in conventional notation:
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div E = 47p,, divH =0. (3)
Here f = (fr(r,2,1),0, f2(r, 2,t)) are forces that maintain the initial axisymmetric flow; v = (u(r,z,1),

0, w(r, z,t)).
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Using the scalar @ and vector A electromagnetic potentials, we write Egs. (2) and (3) as

1 0A

H=rot A, E=—-—-—-V®, divA=0; (4)
c Ot
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—at—-—VXH=-UmI‘OtH——CV‘I>, Vm—m, (5)
Ad = —4mp,. (6)

For the azimuthal component of the vector potential A, taking into account axial symmetry, from (5)
we obtain

0A, u 8 dA, [a 19 62A¢]
9% v 9 9 _ 1222 I %) 7
ot + r Or (rAg) +w 0z Ym or r Or (rdp) + 072 @

For the poloidal components of the magnetic field H, and H,, we have
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We introduce the “magnetic stream function” ¥ in place of Ay, and assuming that ¥ =rA,/ (47 p)1/?,
according to (8), we have
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From (7), for ¥ we obtain
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The equations for the azimuthal components of velocity v, = v and of magnetic field h, = h have the

(10)
form

g ..z 9 ol 2 g oY Oy 0% 07\, 11
at +u3r +waz r?  r Or  0z2 0z or Or 9z/)’ (11)

lia} Oy 0y 2u , (827 19y 827)_1<6\I-' or ov 3F> 2T oV

e e T T\ T e T 7 Bz

r

or  ar 9T _ V(GZF 10r BZI‘) 1 (aw 3y v 6’1)

12
0z Or Or Oz (12)

ot or oz r

where I' = rv and v = rh.

Thus, system (10)-(12), taking into account relations (9), describes the behavior of the magnetic field
and the azimuthal velocity component. The poloidal velocity components u(r, z,t) and w(r, z,t) satisfy the
condition of incompressibility divv = 0 and do not have singularities in the flow region (the radial velocity
component on the axis of symmetry vanishes if the axis of symmetry belongs to the flow region). Otherwise
the poloidal velocity components are arbitrary.

In what follows, it is assumed that the boundaries (walls) of the axisymmetric region are impenetrable
and superconducting, so that on the boundary (on the boundaries, if the meridional section is not simply
connected) the nonpenetration condition vn = 0 and the condition hn = 0 are satisfied. In addition, it is
necessary to satisfy the condition of vanishing of the tangent to the walls of the electric-field component. From

(8) follows

r

cE, = —vpy, 6;1;,, —vH, +wHy; (13)

cky, = —Vm(a;ir — aa}iz) — wH, +uHy; (14)
Vm O

cE, = ‘r_é?(rH"’)_UH"’+WHT' (15)
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Equality of the tangential component of E to zero is ensured by the conditions
Emn;—Emn, =0, E,=0, (16)

where n = (n,,0,n;) is the inner unit normal to the boundary of the flow region.
Taking into account vn = 0 and Hn = 0, from (13)-(16) we obtain

0H, 0H, 1 (aZ\IJ 1 0¥ 32\11) ~0

0z or r \or? r6r+ﬁ

It follows from the condition hn = 0 and Eqgs. (10) and (18) that ¥ takes constant values on the boundaries.
In the general case, these values are different on different boundaries for a multiply connected region. If this
region is simply connected, one can set ¥ = 0 on the boundary without loss of generality.

Thus, solutions of system (10)-(12) should satisfy the following boundary conditions on boundary !
(boundaries) of the flow region:

(18)

¥ = const, Oy/dn =0. (19)
The following conditions should be satisfied for I': the condition of attachment T’ = 0 on a part (parts) of
boundary ', and the condition of the absence of tangential stresses [7] on the other part (parts) [”:
r 2or
=0 on [, a——g—nr--O on 1", (20)
on r

If the axis of symmetry (the z axis) belongs to the flow region, we have ¥ = I' = 4 = 0 on this axis, and
Ul o~ y~rl
We consider the case of a simply connected flow region. Let ¥, I, and 4 for ¢ = 0. Multiplying (10) by

r¥, we have
757 5 (50%) + 5 (5)
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Integrating (21) over meridional section D and taking (19) into account, we obtain

0 [r 2 _ T 52 2
5/5\1’ drdz = —fé'q’ (Vn)dl"'me‘I’ n,dl

ov\?  (9¥
+me7"1’—dl—1/mb/7'[(5;> +(32) ]drdz (22)
Taking into account the boundary condition ¥ = 0 on boundary [, from (22) we find that
0 [r_ o ov\? 0V
E}ZE\P drdz = —lelr[(g) + (az) ]drdz (23)

and, hence, ¥ — 0 for t — oo if v # 0, i.e., the fluid has finite conductivity. By virtue of this, for sufficiently
large t, the second term on the right side of the equation for I (11) becomes negligibly small, and, according
to [7], ' — 0 if attachment conditions (20) are fulfilled on an infinitesimal but finite part of boundary [’
Consequently, axisymmetric spontaneous swirling in the flow region with a simply connected meridional
section is impossible.
The behavior of the azimuthal component of the magnetic field for fairly large ¢ is governed by Eq. (12),
in which terms containing ¥ and I' are omitted. This equation is written as
oh 0 9 9 <8h h) 82h]
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5 T et 5 (24)
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Integrating (24) over the section D, we have
2/hdrdz = —f(vn)hdz + um}{ (@ + z‘-n,)dz. (25)
atD I I an r

Let the axis of symmetry be contained in the flow region and, hence, be part of the boundary of region
D. By virtue of the boundary conditions, the right side is equal to zero everywhere on the boundary, except
in the region coinciding with the axis of symmetry, in which the second term in (25) is different from zero.
If the values of h are positive (negative) everywhere inside region D, the right side of (25) is nonpositive
(nonnegative), since 3h/dn < 0 and n, < 0 on the axis and h decreases. If h changes sign in region D, there
is a curve h = 0 with a time-dependent location inside region D. In this case, integration is performed over
subregion D', in which the values of h are positive (negative). By virtue of the fact that on the additional
boundary h vanishes, for subregion D' we obtain an equality similar to (25), from which follows the conclusion
that the magnetic field decreases in this subregion, and, hence, over the entire region.

If the flow region does not include the axis of symmetry, i.e., it is toroidal, by virtue of the boundary
conditions, from (25) follows the well-known law of conservation of an azimuthal magnetic field flux over
section D. Proceeding as above, one can see that in this case A — 0 as t — oo if the flux was initially equal to
zero. If the initial flux is different from zero, h does not vanish, and the evolution of the azimuthal component
of the magnetic field is determined by the poloidal velocity components u and w.

Thus, axisymmetric spontaneous swirling is impossible if the meridional section of the flow region is
simply connected.

We now consider the case of a multiply connected section D, where one or several toroidal
superconducting bodies are located inside the main flow region so that the axial symmetry is conserved. The
constants ¥; can take different values on the inner boundaries [;. If all ¥; are equal to zero, the conclusion
that axisymmetric spontaneous swirling is impossible remains valid for the multiply connected section, since
the poloidal magnetic field vanishes as for a simply connected section.

If U; are different from zero (at least, on the inner boundary), the poloidal magnetic field does not
disappear. If, in this case, h # 0 (y # const), the electromagnetic forces, according to Eq. (11), necessarily
generate a certain swirling flow (I' # 0). As was mentioned above, the case h # 0 takes place if the main flow
region does not include the axis of symmetry (is toroidal) and the azimuthal flow is different from zero. In
the problem considered, such flows are not interesting and should be eliminated.

Let there be an axisymmetric flow with I' = 0 and h = 0 or A = y9/r. The second case is possible
if the fluid in a cavity is at rest. For ¢ = 0, the perturbation I' # 0 and h = 0 is assumed. If, then, ' — 0
for t — 0o, spontaneous swirling is impossible. In this formulation the question of spontaneous swirling for a
multiply connected flow remains open. For an unbounded flow region, simple connectedness does not suggest
the disappearance of the poloidal magnetic-field components if one does not require that they should vanish
at infinity. As an example of an MHD flow of this type, we consider a Burgers vortex and its plane analog in
a conductive incompressible viscous fluid.

We consider first the plane analog. Equations (1)—(3) have solutions of the form

u=az, v=-ay, w=uw(tzy), h;=bz, hy=-by,
he = ht,2,y), P =Py~ (1/2)pa?(s? +y%) — (1/2)ph%,

where a and b are positive constants, and the transverse velocity and magnetic-field components w and h
satisfy the system

ow ow Sw ok oh

W—}—az—é;—aya—y:bza—z-—bygy-‘%VAw; (26)
oh oh oh Jw Jw
5?+a151—:-—ay-6—-?;_bx5—5—by—é;+umAh. (27)

Let v = vy = 0, w = w(t,y), and h = A(t,y). Then, the general solution of system (26) and (27) has
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the form
w = f(ye(a—b)t) + ‘I,(ye(a-f-b)t); (28)
b= f(yel*™) — @(yel* ) (29)

where f and ¥ are arbitrary functions.

We consider the field momenta w and A. Directly from solutions (28) and (29) or from Egs. (26) and
(27) we find that the quantities

o0 00
—_ n —_ n
An —_{oy wdy, Bn —_/ y"hdy
satisfy the equations
dA[/dt = (n+1)(bB —aA), dB/dt=(n+1)(bA—aB). (30)
Taking into account that A, = Agn and B, = 0 for t = 0, from (30) we obtain
An = Agae (V%% cosh(n + 1)bt, B, = Agne~"+tD%%sinh(n + 1)bt. (31)

Similarly we find the energy
€= / ( w?+ — hz)dy = goe~*coshbt.

This means that all A, Ba, and ¢, including the transverse momentum Ag, increase with time if b > «
for n 2> 0. Relations (31) remain valid for Ag and By and for a viscous fluid with finite conductivity, and,
hence, the transverse momentum also increases with time for a viscous fluid with finite conductivity. In this
formulation, however, if b > a, the transverse momentum increases on account of the transverse-momentum
flux II;, = —hzhy = —bzh, which is related to the Maxwell stress tensor of a magnetic field that flows
from infinity along the z axis to the plane z = 0. Therefore, the flow considered is not an example of the
spontaneous occurrence of transverse flow.

Note also that, although the quantities Ag and By increase with time, the quantities w and h tend to
zero as t — o0o. This is shown as follows. The functions w and h are represented as the sum of the even and
uneven terms, so that

w=w;+wy, h=hi+hy, wi(—y)=-w(y), wi-y)=w(y),

hi(=y) = —h1(y), ha(-y) = ha(y).
Assuming that w; = yQ and h; = yw for 2 and w, we have

0 0 v d?
Q—a—— =—-b— : 32
t—a dy (yQ) = —-b Ay (yw) y Oy 9.7 (¥9); (32)
0 a Vm 62
w—ag (yw) = _bb—g] (yQ) + — £ (yw). (33)
Multiplying (32) by y and (33) by yw and integrating with respect to y, we obtain
dT1 ., T [8w\2 T 100\? v Um o
Bl = 2Ny — ol N _m . 4
dtO/Qym + )y "0/y<ay) &y umO/y(ay)dy £02(0) - 22 u(0) (34)
For even constituents, we set p = Jws/0y and q = Jha/dy. The equations for p and ¢ have the form
0 ij
— — = —ph— . 5
pr-ag (yp) = =b P (y9) + vPyy; (35)
0 0
o —a g (vg) = —bg-(yp) + vmayy. (36)

306



Multiplying (35) by yp and (36) by yq and taking into account that p = ¢ = 0 for y = 0, by virtue of the
evenness of wy and hs, we obtain

d T1 dp 7 dq\?
E/Ey(p2 +¢%)dy = —u/y(ay) dy — x/m/y<5§) dy. (37)
0 0
From (34) and (37) it follows that w — 0 as ¢t — oo.

For t = 0, we now specify w = wo(z,y) and h = ho(z,y), which vanish at infinity. Then, multiplying
Eq. (26) by w and Eq. (27) by A, we obtain

%—/Z%(w2+h2)dxdy= —VJZ[(Z—:) (% ) dody - u,,.//[( (2 ) oty (9

The transverse momentum F wdz dy and the magnetic-field flux ff hdz dy are conserved. Thus, it
—0Q —00

follows from (38) that spontaneous transverse flow does not arise in this case.

We now consider a magnetohydrodynamic analog of the Burgers vortex. System (1)-(3) has solutions
of the form

u=—ar, w=2az, h,=-br, h,=2bz (39)
LOP e ph+lwrowy), 1O s, (40)
p Or T p 0z

where a and b are positive constants, and Egs. (40) are integrable only on the condition that the azimuthal

velocity v, = v(r,t) and magnetic-field h, = h(r,t) components are independent of z. According to this,
v and h satisfy the equations

v ov oh v 10v v
_—— —_— = —br — — ——— ]} 41
ot Tor br or bh+y(6r2 + r Or 1'2)’ (41)
oh oh ov Ph 10 A
o ap — —_ —bp — ). 42
R S ST~ R ) (42

We consider at first the case of a nonviscous, ideally conducting fluid (v = 0 and v, = 0). Let for ¢ =0
a perturbation v = vg(r) and A = 0 be introduced such that the quantity

o0}
Mo = / lvo(z)ldz, z =In(r/ro) (ro = const)
—00
has a finite value.
The solution of system (41) and (42) subject to this initial condition is written as

v= / A(k)eFz+at) (cos Akt + —  sin /\(k)t) dk; (43)
J Q)
= [N BL = k) 4 (kyeik(z+at) gin (k) . (44)
Jam
Here
AE) = (b - a® + BPEH)Y?, A(k) = 51— / vo(z)e *2dz. (45)
: T
o0
For the field momenta v and h we have
o0 oC
An(t) = / Phudr,  Bp(t) = / " hdr.
0 0
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Multiplying (41) and (42) by r" and integrating for v = v,;, = 0, we obtain
dAp/dt + naA, = nbBy, dBy/dt+ (n+2)aBn = (n + 2)bA,. (46)
Taking into account that A,(0) = Ang and B,(0) = 0 for ¢t = 0, from (46) we find that

Ap = Apge~(mtat (cosh;z,,t + -ﬂi sinh,unt); (47)
B, = (n+2)b Anoe~**t1etsinhp .t (48)
Hn
where

pn = (a® +n(n + 2)b%)1/2, (49)
From the solution of system (43) and (44), it follows that for @ > b (a weak poloidal field) the azimuthal
velocity component v increases infinitely, but all the momenta A, — 0if n > 0. In the case of n = —1 (a > b),

we have

— 2 _gn1/2,, 4 . 2 _ 32\1/2
A_1= A1 (cosh(a b*)H 4t + @) sinh(a® — b%) t).
The unbounded growth in the momentum A_; indicates that v(r,t) increases near the axis. In this case, the

angular momentum (per unit length) A2 — 0, and the energy (per unit length) is bounded:

/Er(h2+v b/2rv0

For nonzero viscosity this growth ceases, and v — 0, as can be proved rigorously for b = 0. For b # 0,
we were unable to obtain a rigorous proof.

For b = a, the general solution of system (41) and (42) has the form (v = vy = 0)
=F(r)+ f(§) + &£ (€), h=F(r)+ f(§) - &£ (§)- (50)

Here { = rexp(2at) and F and f are arbitrary functions. In this case, as ¢ — oo, we have A, — B, —
(n+2)Aon/[2(n +1)] for n 2 0, and A_; = A_j0at, and the energy is bounded, wh1ch can be shown directly
from (50).

For b > a (a strong poloidal magnetic field), all A, for n > 1 increase with time (including the angular
momentum Agz). For n = 0, the azimuthal rate Ag and the azimuthal magnetic-field flux By remain bounded.
The time dependence of the momenta A_; and B_; for which u_, = i(b? — az)l/ 2 has the form

A1 = A_m(cos(b2 - a2)1/2t + sin( b2 2)l/zt)

a
bA_10
which indicates that the resulting flow is oscillating, at least, near the symmetry axis.

Relations (46), and, hence, (47) and (48), remain valid for n = 2 for a viscous fluid with finite
conductivity. Thus, in this case, swirling occurs for b > a. However, as for the plane analog, the growth
in the angular momentum is related to the angular-momentum flux through the Maxwell stress tensor of the
magnetic field at infinity, and the swirling is not spontaneous.

The above example, although somewhat artificial, shows that the formulation of problems of
spontaneous swirling in magnetohydrodynamic flows should ensure control (absence) of not only the
kinematical flux of the mechanical angular momentum, but also of the angular momentum flux related to the
stress tensor of the electromagnetic field flowing from infinity into the flow region.

This work was supported by the Russian Foundation for Fundamental Research (Grant 94-01-01215-a).

B_;= sin(b? — a?)1/%¢,
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